This paper addresses the problem of the motion of the Chaplygin sleigh, a rigid body with three legs in contact with a horizontal plane, one of which is equipped with a semicircular skate orthogonal to the horizontal plane. The problem is considered in a nonholonomic setting: assuming that the blade cannot slide in a direction perpendicular to its plane, but unlike the Chaplygin problem, there is a dry friction force in the skate that is directed along the skate, along which the blade plane and the reference plane intersect. It is also assumed that at the two other points of support there are dry friction forces.
Introduction
This paper is concerned with the problem of the motion of the Chaplygin sleigh, a rigid body with three legs in contact with a horizontal plane, one of which is equipped with a semicircular knife edge orthogonal to the supporting plane. The problem is considered in a nonholonomic setting, under the assumption that the knife edge cannot slide in the direction perpendicular to its plane, but, in contrast to the Chaplygin problem, the skate has dry friction force, which is directed along the skate, where the plane of the knife edge and the supporting plane intersect. It is also assumed that the body is acted upon by dry friction forces at two other supporting points as well.
In the absence of friction at the points of contact of the body with the plane the problem under consideration becomes the Chaplygin problem [1, 2] , and in the absence of a knife edge and in the presence of friction at all points of contact it becomes the problem of the motion of a tripod on a plane with friction [3] . The case where there is no friction at the point of contact of the knife edge with the plane is dealt with in [4] . At present, problems concerning the mechanics of systems with friction are becoming topics of much current interest. Mention should also be made of Refs. [5] [6] [7] , which investigate various mechanical systems with dry friction.
In this paper, equations of motion of the system of interest are written out, a qualitative analysis of the body motion is given, and the phase portrait of the system in a neighborhood of an equilibrium point is investigated.
Formulation of the problem
Consider a rigid body moving with three points A, B and C in contact with a horizontal plane (see Fig. 1 ). The body is an isosceles triangle (AC = BC, C being the supporting point of the knife edge). It is assumed that the plane of the knife edge is orthogonal to the supporting plane and intersects with the latter along the symmetry axis EC of the triangle ABC, and the center of mass S of the body is projected into the point D, which lies on this axis (AE = EB = a, ED = b, DC = c, DS = h).
Let Oxyz be a fixed coordinate system (Oxy being the supporting plane and Oz the upward vertical) and let Sξηζ be the principal central axes of inertia of the body, with Sζ Oz. Let e x , e y , e z and e ξ , e η , e ζ denote the unit vectors of the axes Oxyz and Sξηζ, respectively: e ξ = e x cos ψ + e y sin ψ, e η = − e x sin ψ + e y cos ψ, e ζ = e z , where ψ is the angle between the axes Ox and Sξ.
Assume that the velocity of the point C of the body is v C = v e ξ (the body cannot slide in the direction orthogonal to the plane of the knife edge), and the angular velocity of the body is ω = ω e ζ (ω =ψ), that is, the body can rotate only about the vertical passing through point C.
If the body moves without loss of contact with the plane, the velocity v S of its center of mass and the velocities v A , v B of its supporting points A, B are defined by The body is acted upon by the gravity force P = −mg e ζ (m is the mass of the body and g is the free-fall acceleration), which is applied at point S, and by the reaction forces R A , R B , R C applied at points A, B, C:
Here N A , N B , N C are the normal reactions at the points of support, k > 0 is the coefficient of Coulomb friction at the points A, B of contact of the legs of the sleigh with the plane, k C > 0 is the coefficient of Coulomb friction for the knife edge at point C (in the general case k = k C ), and R is the reaction of the nonholonomic constraint (
Definition of reactions
The principal vector of forces that acts on the body has the form F = F ξ e ξ + F η e η + F ζ e ζ ,
Let us find the principal vector of the torques acting on the body relative to its center of mass
where l 2 = a 2 + (b + c) 2 . Thus, projected onto the principal central axes of inertia of the body, the equations of motion of the body in the Newton -Euler form which take into account the conditions of motion without loss of contact of the body with the plane (( v S , e ξ ) = 0, ( ω, e ξ ) = = ( ω, e η ) = 0) have the form (J is the moment of inertia of the body relative to the axis
The system (2.1)-(2.2) is closed relative to the variables v, ω, N A , N B , N C and R. The reactions N C and R can be expressed in terms of the reactions N A and N B (N C can be expressed from the third equation of (2.1) and R from the second equation of (2.1) with the third equation of (2.2) taken into account):
4)
The reactions N A and N B are uniquely defined from the system 6) which is obtained from the first two equations of (2.2) with (2.4) taken into account. Obviously, the reactions N A , N B (and hence N C , R) depend only on the phase variables v, w and the system parameters. We note that the solution of the system (2.5)-(2.6) must satisfy the conditions
which ensure (along with conditions (2.3), (2.5), and (2.6)) that the body moves without loss of contact with the plane. Conditions (2.7) impose a restriction on the height of the center of mass of the body. Indeed, if we fix the mass and geometric parameters of the sleigh, except for h, 
and condition (2.7) is satisfied, with all inequalities being rigorous. But since N A (h), N B (h) are continuous at h = 0, conditions (2.7) will be satisfied also when ∀h ∈ [0; h 0 ) for some h 0 depending on the initial velocities ω 0 , v 0 . An example of normal reactions at the points of contact is given in Fig. 2 .
Then such a value h 0 can be chosen simultaneously for all (v, ω) ∈ M . Thus, there exists h 0 > 0, which depends only the system parameters and the initial velocities v 0 , ω 0 , such that, when h < h 0 , conditions (2.7) are satisfied for all values of v, ω at which the corresponding kinetic energy does not exceed the initial one.
Equations of motion and properties of their solutions
Let h < h 0 . Then the motion of the Chaplygin sleigh on the horizontal plane with dry friction at the supporting points A and B is described by a second-order system relative to the phase variables of the problem, v and ω.
These equations are obtained from the first equation of (2.1) and from the third equation of (2.2) with (2.3) and (2.4) taken into account, and N A (v, ω) and N B (v, ω) are defined from the system (2.5)-(2.6).
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The case v = 0
We first consider the case of rest of the point of contact, C, of the knife edge. In this case, we set v = 0,v = 0. Then Eqs. (2.5), (2.6), (3.1), and (3.2) can be rewritten as
where |θ| k C N C . From the first three equations, with (2.3) taken into account, one can find conditions under which point C will remain at rest, as well as the values of θ, N A , and N B .
Statement 1. The system (3.1), (3.2) admits an invariant set
Proof.
In this case,
In view of (2.3) the condition |θ|
3)
It should be noted that the set exists under the condition k C > Integrating it for ω > 0, we obtain
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The case v = 0
Consider the instants of time when the velocity of the point of the skate, C, does not vanish.
Statement 2. The system (3.1)-(3.2) is invariant under the change of ω to −ω.
In the case of this replacement, v A and v B are interchanged. Consequently (see (2.5) and (2.6)), N A and N B are interchanged, i.e., the system (3.1)-(3.2) maps into itself. 
); without loss of generality the initial instant of time is assumed to be zero).
When ω = 0, Eq. (3.2) is satisfied identically for any v and Eq. (3.1) takes the form (see (2.8 
, from which relations (3.4) and (3.5) follow immediately.
..e., the translational motion of the Chaplygin sleigh during which the knife edge is ahead lasts longer than in the case where the knife edge is behind if and only if the coefficient of dry friction in the skate is less than the coefficients of friction in the legs (the absolute value of the initial velocity being the same).
Statement 4. The motion of the Chaplygin sleigh on a horizontal plane with dry friction at any initial values v 0 and ω 0 which are not zero simultaneously ceases in finite time
(if v 0 = 0, ω 0 = 0, then v ≡ 0, ω ≡ 0).
Proof.
It follows from the system (3.1)-(3.2) thaṫ
where
is the kinetic energy,
Obviously, the Q-homogeneous function is a function of degree 1 of phase variables v and ω, and Q > 0 for any v and ω that are not zero simultaneously. Consequently, there exists a constant q > 0 such that Q q √ T . In this case, relation (3.6) takes the forṁ
. Taking into account the fact that √ T 0, we conclude that the motion ceases in finite time t 0 2 √ T 0 kq .
The phase portrait for h = 0
If h = 0 and v = 0, Eqs. (3.1) and (3.2) take the forṁ
Obviously, the system (4.1)-(4.2) admits the solution (cf. (3.4), (3.5))
and, in particular, the solution ω ≡ 0, v ≡ 0. An example of a phase portrait of the system is given in Fig. 5a . The system admits motions along the phase trajectory ω = 0. In this case, the trajectory of the skate and of the center of mass is a segment, and the system executes translational motion. If the value of the initial velocity of the skate v is nonzero, the motion of the sleigh can cease in the stagnation region (3.3). 2 cases can arise. If the initial value of |ω| is relatively small, velocity v decreases monotonically to zero and gets into the stagnation zone, and the system begins to rotate about a fixed vertical axis passing through the skate (Fig. 3a) . The other case of motion is possible when the absolute value of the initial angular velocity is sufficiently large. Then, monotonically decreasing, velocity v reaches zero, but the phase curve does not get into the stagnation region, and the system starts moving back, after which the absolute value of velocity v increases for some time and then begins to decrease and the system arrives at the stagnation region (an example of the trajectory is given in Fig. 3b ). In this case, the trajectory of the skate is a "beak" at the point where v = 0. 
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Let us investigate the behavior of the phase curves in a neighborhood of an equilibrium point. We consider the case ω > 0 and introduce a small parameter ε and new variables: 
Rescaling time as τ = ln
Consider the first approximation of Eq. (4.8) in the small parameter ε: Thus, at a sufficiently large value of the coefficient k C and ∀μ > 0, in a neighborhood of the equilibrium point there is a solution z ≡ 0 that is created by static friction forces at point C, giving rise to sets of "stagnation" from Statement 1. For μ 2 ∈ (0; 
